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Abstract: We show that every admissible irreducible representation of a product of two locally compact 
groups is a tensor product of admissible irreducible representations of the factors. 



Introduction 

In the classical case the tensor product theorem is formulated for either totally disconnected groups 
or Lie groups and the proof by D. Flath [2], which is found in the books until this day, uses different 
methods for each case. The tensor product theorem is used in the theory of automorphic forms, to prove 
that every irreducible admissible representation of an adele group G(A) is an infinite product of local 
representations. In this note we give a unified proof which is simpler and applies to all locally compact 
groups. The proof essentially contains no new ideas. We only streamline and unify the existing proofs 
by using a more universal concept of Hecke algebras. This proof will also appear in the upcoming book 
by the author on Automorphic Forms. 



1 Preliminaries 

For a locally compact group G we denote by G the unitary dual, i.e., the set of isomorphy classes of 
irreducible unitary representations of G. 

For a representation (tt, V n ) of the compact group K and an irreducible representation (r, V T ) of K we 
define the r-isotype as the sum of all subrcprcsentations of n, which are isomorphic to r. If 7r is unitary, 
then V„ is the direct sum of its isotpyes V n = (§) Te x ^r( r )- 

For a given representation r G K let 



e T (k) = (dimr) tr(r(fc)), k S K. 



Lemma 1.1 The function e T is an idempotent in the convolution algebra C(K), i.e., one has e T *e T = e T . 
Let (tt,V„) be a representation of K. Then the map 

P T = e T (k)n(k)dk 
Jk 

is a projection onto the isotype V v (t). Here we have normalized the Haar measure on K so that vo\{K) 
1 , If it is unitary, then P T is the orthogonal projection onto (r) . 

7/7 is another irreducible unitary representation of K which is not isomorphic to t, then e T * e 7 = 0. 
Proof: This is a direct consequence of the Peter- Weyl Theorem [1]. □ 
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Let F C K be a finite subset. Then the function 

dof \ 

e F = 2_^ e r 

is an idempotent in C(K), because 

ep * e F = e T * e 7 = e T = e F . 

2 Main Theorem 

Let G be a locally-compact group and K C G a compact subgroup. A unitary representation (7r, V^) of 
G is called K -admissible, if the representation 7t|_r- decomposes with finite multiplicities, i.e., if for every 
t G K the multiplicity 

[n : t] — dim Honiff (V T , V n ) = dimHom^(y, r , V^) 

is finite. The representation 7r is if-admissible if and only if every if-isotype Vk(t) is finite-dimensional. 
We denote by Gk the set of all isomorphy classes of irreducible unitary G-representations which are 
if-admissible. A representation 7r of G is called admissible, if there is a compact subgroup K such that 
7r is ^-admissible. We write G ac i m for the set of isomorphy classes of irreducible unitary admissible 
representations of G. 

Theorem 2.1 (Main Theorem) Let G and H be locally compact groups. For any two ir G G ac i m and 
V G -ffadm the tensor product ir (g) -q is in G x _ff a d m tensor map (n, -q) i-> 7r ® 77 is a bijection 

G a dm X i? a dm ^ G X i? a dm- 

More precisely, given two compact subgroups K C G and L C H, the tensor map map is a bijection 
Gk x i?£ ->Gx H kxl- 

The injectivity of the tensor map follows from the next lemma. 

Lemma 2.2 Lef G be a locally compact group and let (ri,V v ) be an irriducible unitary representation. 
Let W be a Hilbert space. Then every closed G-stable subspace ofV v ®Wisof the form V v ® W\ for a 
closed subspace W\ of W . Here the tensor product refers to the tensor product in the category of Hilbert 
spaces, i.e., the Hilbert-space completion of the algebraic tensor product. 

In particular, it follows that for two locally compact groups G, H and irreducible unitary representations 
tt,t of G and H respectively, the representation tt <g> r of G x H is irreducible and that tt ® r = tt' ® r' 
implies tt = tt' and t = t' . 

Proof: Let U C V n <X> W be a closed, G-stable subspace. Then the orthogonal projection P with image 
U is a bounded operator on V v ® which commutes with all 77(5), g G G. We show that every such 
operator T is of the form 1 ® £ for an operator S G B(W). So let T be a bounded operator on V v ® 
with 

TfaG/) ® 1) = (77(5) ® 1)T 

for every g G G. Let (ej)igj be an orthonormal basis of and for j G / let P,- be the orthogonal 
projection onto the subspace Cej. For i,j G / consider the operator Tjj given as composition: 

->■ ® ej — >■ <8> W — ^ K, ® ej ->■ V^. 
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This operator is bounded and commutes with the G-action. By the Lemma of Schur there exists a 
complex number aij with Tjj = cnjld. Since Pj — Idw, we get 

T(v <8> ej) = ^ ajjw ® e.,- = w ® 5*(ei), 
j 

where 5(e^) = ^2j a i,j e j an d the sum converges in W. As T is continuous, S extends to a unique 
continuous operator S : W — » W , satisfying 

T(v (g> w) = v ® S*(w) 

for all w G V^, w G T4^. This means T = 1 ® S 1 , as claimed. 

We can apply this to the orthogonal projection P onto the invariant subspace U, which therefore is of 
the form P = 1 ® Pi. Then Pi is again an orthogonal projection. Let W\ be the image of Pi, then 
U = V n <g)Wi. 

We next show the irreducibility of ir (g> r. The first part implies that a closed, G x P-stable subspace U 
has to be of the form U = ® U T as well as of the form U = U n ®V T with closed subspaces f/^ G 
and i7 T C V r . These subspaces have to be invariant themselves, hence the full spaces. 

Finally let 7r <E> t = ir' ® r' , so there is a unitary isomorphism T : V n (g) V^- — > V^-/ ® V^' commuting with 
the G x iPoperation. Choose w G with |u>| = 1. Then V v (8> w is an irreducible G-subrepresentation, 
therefore there is w' G mit ||«/|| = 1, such that T(V n ® «;) = V % i ® w'. The map 

K- -»• K ® w — >• K-/ 

is a unitary G- isomorphism, so we get ir = 7r' and analogously r = r'. □ 

3 The Hecke algebra 

Let G be a locally compact group. The set G C (G) of all continuous functions of compact support is a 
complex algebra under the convolution product 

f*g{x) = I f(y)g(y- 1 x)d y = f f(xy)g(y- 1 )dy, f,ge G C (G). 

JG JG 

Let K C G be a compact subgroup. For a, ft £ C(K), there is the if-convolution 

a*(3(k) = [ a(i)j8(i _1 fc)di 

making G(if ) a C-algebra as well. We can also define a convolution between functions on G and if as 
follows. For a G G(if) and / G G C (G) we define 

«*/(*) = fa(k)f { k-^ dk and /•«(«) = [ f(xk)a(k^dk. 
jk jk 

We normalize the Haar-measure of the compact group K so that vol(if) = 1. If K is not a nullsct in G, 
we insist that the Haar measure of G be normalized also to give K the volume 1. Hence in this case the 
Haar measures of G and K coincide on K. 

Lemma 3.1 With this normalization the convolution products are compatible in the sense that 

f * (g * h) = (/ *g)*h. 

holds for all combinations of f,g,h being functions in either C C (G) or C(K). Also we always have 
(f * d)* = g* */*) where f*(x) = A(x~ 1 )f(x~ 1 ) and A(x) is the modular function ofG. 
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Proof: A computation. □ 

Let G be a locally compact group with a compact subgroup K. A function / on G is called K-finite, 
if the set of all functions x i-> /(fcizfe), ^1,^2 G ^ spans a finite-dimensional vector space. It is a 
simple observation that the convolution product of two if-finite functions is if -finite. We define the 
Hecke-algebra H = Hg.k of the pair (G, K) as the convolution algebra of all if-finite functions in C C (G). 



Lemma 3.2 Let G be alocally compact group and K a compact subgroup. 



(a) Let I K be the set of all finite subsets of K. For F e I K set e F = J2 T eF e T an( ^ 

Cf = Gp * C C (G) * e F = e F *%* e F . 

Then ep is an idempotent in C(K) and Cp is a subalgebra ofH. The Hecke-algebra T-L is the union 
of all these subalgebras. 

If F C F' in I K , then C F C C F ,. If F = {t} we also write C F = C T . 

(b) For a unitary representation (tt, V^) of G the space 7r(%)V^ is dense in V^. 

(c) The Hecke-algebra is a *-Algebra with involution f*{x) = A(x~ 1 )f(x~ 1 ). If w is a unitary represen- 
tation of G, then tt defines a ^representation ofH. For two unitary representations tt,tt' of G we 
have 

TT =G 7T TT =u TT' , 

so, tt and tt' are unitarily equivalent if and only if they define isomorphic H-modules. 



Proof: Part (a) is clear. We show (b). For h e C(K) we write 

TT(h) = [ h(k)TT(k)dk. 
J K 

Let F e I K and P F — ir{ep). Then Pp = TT(ep)TT(ep) — w(ep *e F ) = ir(ep) = Pp. So P F is a projection 
with image V R (F) = © reF V n (r), which is the F-isotype of tt and the kernel is © T ^ F V„(t). Hence the 
union of all V„(F) with F e Ik is dense in V v . So it suffices to show that 7t(Cf)K- is dense in V 7T (F). 
Let v £ V 7T (F) and let e > 0. Since Tr(e F ) is continuous, there is C > such that ||7r(e_F)w|| < C\\w\\ for 
every w £ V n . Since the map G x V n — > V w ; (g,v) M> ir(g)v is continuous, there is a neighborhoor U of 
the unit in G, such that x e U => \\tt(x)v — v\\ < e/C. Let / e C C (G) with support in U such that / > 
and J G f(x)dx = 1. Then 

lk(j> - v|| = || / f(x)(n(x)v - v) dx\\ < f f(x)\\Tr(x)v -v\\dx< e/C. 
Jg Jg 

One has e F * f * e F E C F C H and 

||7r(eir * / * e F )v — v\\ = \\7T(e F )(7r(f)v — v)\\ < e. 

This shows (b). We continue with (c). The closedness under * is clear. Let tt be a unitary G- 
representation, then for / 6 % one has 

7T(/*) = / A(x- 1 )f(x- 1 )TT(x)dx = I ' J{X)TT{X- I )dx 

Jg Jg 
= jj(xjTT{xTdx = [J f(x)n{x)<to) =tt(/)*. 
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If 7r and tt' are isomorphic as G-representations, then so they are as %-modules. For the converse let 
T : Vjr — > V n i be a unitary %-isomorphism, so Tir(f) = n'(f)T for every / G %. We first remark, that 
the same must hold for / 6 G C (G). For this let £ = Tir{f) - 7r'(/)T, then for every finite subset F of K, 

n'{e F )SiT{e F ) = Tir{e F fe F ) - n'{e F fe F )T = 0. 
en 

Therefore Sv — for every vector v £ V 7r (F) and since the V 7r {F) span a dense subspace of V n , we get 
S = 0, so Ttt(/) - tt'(/)T for every / e G C (G). 

Let e > and let x £ G, u £ V. Then, by the continuity of the representations tt and tt' there exists 
a neighborhood U of x £ G such that \\tt(u)v — tt(x)v\\ < e/2 and ||7t'(m)Tw — tt'(x)Tv\\ < e/2. Let 
/ £ G C (G) have support inside U and suppose / > and J G f(x) dx = 1. Since T is unitary, we have 

||7V(j> - TttOeMI - ||tt(/> - 7r(5c)w|| 

= 11 / f(u)(TT(u)v — iT(x)v)du\\ < / /(«)||7r(«)i; — 7r(a;)i;|| du < e/2 
Jg Jg 

and likewise \\Tir(f)v - tt'(x)Tv\\ = \\ir'(f)Tv - tt'(x)Tv\\ < e/2. This implies \\Ttt(x)v - tt'(x)Tv\\ < e. 
Since e > and u £ V n arc arbitrary, we conclude Ttt(x) — tt'(x)T. □ 

If (tt, Vk) is an irreducible unitary representation of G, then every / £ G C (G) defines a continuous linear 
operator n(f) on V^. For ^ w £ the space ir(C c (G))v is a G-stable subspace of V % . As 7r is 
irreducible, the space tt(H)v is a dense subspace. 

Proposition 3.3 Let G be a locally compact group and K C G a compact subgroup. 

(a) Lef (tt, V^) &e an irreducible representation of G. Let F be a finite subset of K . Then the F-isotype 
F-Isotyp V 7T (F) — © T(EF V-k(t) is an irreducible C F -module. In particular, 7r('H)K- is an irreducible 
H-module. 

(b) Let {r],V v ) be a unitary representation of G and F a finite subset of K . If M is a finite- dimensional 
irreducible C F -submodule ofV v (F), then the G-subrepresentation of tt generated by M is irreducible. 

(c) Let ?7,7r be irreducible unitary representations of G, which are K -admissible. Then 

n = tt V V (F) = V V (F) for every F £ I K , 
where on the right we consider isomorphy as C F -modules. 

Proof: (a) To show irreducibility of V„(F), let ^ U C V n (F) be a closed submodulc. Since V v is 
irreducible, the space tt(C c (G))U is dense in V n . Let P F : V v — > V K (F) be the isotypical projection. For 
h £ C(K) we write 

TT(h) = [ h(k)ir(k)dk. 

J K 

Then we have P F = n(e F ). Let / £ G C (G). Then 

7r (/) 7r ( e r) = 7r(/ * e T ) und 7r(e T )7r(/) = 7r(e T * /), 

calculation shows. 

The projection P F is continuous, so the space P F (C C {G)U) is dense in V^{F), therefore P F (C C (G)U) = 
V n (F). Since P F = ir(e F ) we get 

V n (F) = P F (C C (G)U) = ir(e F )C c (G)U 

= Tr(e F *C c (G)*e F )U = tt(C f )U = U = U, 



TENSOR PRODUCT THEOREM 



6 



which shows that V 7T (F) is irreducible. 

We now show (b). Let m G M \ {0} and let Ann(mo) = {a G Gf : am = 0} be its annihilator. Then 
Ann (mo) is a left ideal of Cf and the map a i-> amo is a module isomorphism 

Cpj Ann(mo) — > Cpra^. 

Since M is finite-dimensional and irreducible it follows M = Cpirio, so M = Cpj J with J — Ann(mo). 
Let U be the G-stable closed subspace of V v generated by M. We show Pf(U) — M, where Pp = n(ep) 
is the orthogonal projection onto M. 

Claim: Let J be the annihilator Ann Cc (G)( m o) of m in C C (G). Then 

J = Je F ® km\ Cc ( G ){ep), 

where Ann Cc ( G )(eF) is the annihilator of ep in C C (G), which is the set of all / G C C {G) with / * e_F = 0. 

Ww show tha claim. It is clear that JeF C Ann Gc ( G )(u ) = J- Further w = epvo and so Ann Cc ( G ) (e^) C 
Ann Gc ( G )(uo) = J- It remains to show that J lies in the right hand side. Since e_F is an idempotcnt, we 
have C C (G) = C c (G)eF © Ann Gc ( G )(eF), since every / G G C (G) can be written as / = Jcf + (/ — /cf) 
and / — /eF lies in the annihilator of e F . Further Ann Gc ( G )(eF) C Ann Gc ( G \(wo) = J, which shows the 
claim. 

So we have 

C c (G)v Q £* G c (G)/7 - C c (G)e F /{ Je F ). 

This implies 

Pf(C c (G)« ) = e F G c (G)e F /(Je F ) S G F /J = M. 
Therefore P F (^) = M. Let now U' be a subrcpresentation of 17 . Then Pf(J7') = or M. In the first 
case M C (U') L and so C/ C (U')- 1 , since the space (J7')" 1 " i s a subrepresentation. This gives U' = 0. In 
the second case M C f7' and so U' = U . Indeed we conclude that U is irreducible. 

(c) Let (77, V^), (7r, be isomorphic representations, then so are the (Tp-modulcs V V (F) and V K (F). For 
the converse let for every F be given a GF-isomorphism <pp ■ V^F) — > V„(F). According to the Lemma 
of Schur two isomorphisms for a given F only differ by a multiple scalar. So we can normalize all these 
isomorphisms in a manner that they extend each other, i.e., that we have 4>f — ^f'|v,(f)i if F C F' . 
This means that the 4>f can be put together to a H-isomorphism 

: ri(H)Vr, A ir{H)V n . 

Both sides are dense sub vector spaces. If we can show that <f> is isometric, this map extends to an 
isomorphism of G-representations by Lemma 3.2. Let ^ v a G r?(7{)V^ and let w = (f>(vo). We can 
assume that ||uo|| = \\wq\\ = 1 and we claim that <j> is isometric. For this we transport both inner products 
to the same sode via </>, so we have two inner products (., and (., .} 2 on, say n(H)V 7T such that Vo has 
norm 1 in both inner products and the operation of % is a ^-operation in both inner products. On the 
finite dimensional space 7t(Gf)K- these inner products must coincide by the Lemma of Schur. This holds 
for every F G Ik, so that <f) is indeed isometric. □ 

Let now G, H locally compact with compact subgroups K C G and L C H. Let E be a finite subset of 
K and F a finite subset of L. There is a natural Homomorphism 

V> : G C (G) ® C C (JT) -> G C (G x 77) 

given by 

<P(f®9){x,y) = f(x)g(y). 

This induces a homomorphism 

Gf ® Gf — >■ Gfxf- 

This map is not surjective in general. But this fact causes no harm, as we have 
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Lemma 3.4 If M is a finite- dimensional irreducible CExF-*submodule of a unitary G -representation, 
then it is irreducible as Ce <8> Cf -module. 



Proof: We equip Cexf C L 1 (Gx H) with the topology of the Z^-norm. Then Ce®Cf is dense in Cexf, 
as C C (G) is dense in L 1 (G). The representation p : Cexf — > Endc(M) is continuous, since M comes 
from a unitary representation of G x H. So the image of Ce <S> Cf is dense in the (finite-dimensional) 
image of Cexf in End(M), so these two images agree. □ 

In order to show Theorem 2.1 we only need the second assertion of the following lemma. 



Lemma 3.5 (a) Let A be a C-algebra with unit and M a simple A-module, which is finite dimensional 
over C. Then the map A — > Endc(M) is surjective. 

(b) Let A, B complex algebras with units and let R = A® B. If M,N are simple modules over A and 
B resp., which are finite- dimensional over C, then M ® N is a simple R-module and every simple 
R-module, which is finite- dimensional over C, is of this form with uniquely determined modules M 
and N. 



Proof: Part (a) is a well-known result of Wedderburn. Sec [3] for a proof. 

We show (b). According to (a) it suffices to assume A = Endc(M) and B = Endc(^V) for the first 
assertion. The canonical map from Endc(M) ® Endc(-ZV) to Endc(M <g) N) is surjective, and so M ® N 
is simple. 

Let now V be a given C-finite-dimensional simple A ® P-module. Then V contains a simple A-modulc 
M as V is finite-dimensional. Let N = Honu(M, V). This vector space is a B- module in the obvious 
way. Consider the map (f> : M ® N — > V given by 

<j){m <S> a) = a(m). 

Then ^ is an A ® B-homomorphism, hence surjective, as V is simple. We have to show that </> has 
zero kernel. For this let a\, . . . , ak be a basis of N and m\,...,mi a basis of M. Let Cij G C be given 

with ■ Ci.jrrn (g> a^j — 0. We have to show that all coefficients Cij are zero. We have 



/ i,j 3 V i / 




Let P : M — >■ M be a projection onto a one-dimensional subspace, say Cm . By part (a) there is a E A 
with am — Pm for every m G M. We conclude 

j 

where P Cj^m,) = \jin . For a E A arbitrary, we get = ^ . AjQ!j(amo). As a runs through A, 
the vector am runs through M, so . AjCtj = 0. Since the aij are linearly independent, all Xj arc zero, 
hence all Cijrm are zero and again by linear independence, we get Cij — 0. This proof also shows 
that all simple A-submodules of V are isomorphic, whence the uniqueness. □ 

We now prove Theorem 2.1. Let n be a K x L-admissible representation of G x H. Let £7 be a finite 
subset of K and F a finite subset of L. Then V^(i£ x P) is a finite-dimensional irreducible C^xF-niodulc. 
By Lemma 3.4 the space V n (E x P) is an irreducible Ce <8> C^-module and by Lemma 3.5 the module 
V r) (E x F) is a tensor product of modules, which we write as V 7T (E) ® V^-(P). The uniqueness of the 
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tensor-factors give injective homomorphisms <pf : V 7T (E) — > V n (E') if E 1 C E' and likewise for F. By the 
uniqueness of the inner products in the Lemma of Schur, we can scale these homomorphisms in a way 
that they are isometric. We define 

K = lirnVAE). 

Then V v is a pre-Hilbcrt-space and we write V n for its completion. Analogously we construct V T . For every 
finite subset E C K the algebra Ce acts on by continuous operators. These extend continuously to V m 
and we get ^representation of the Hecke- algebra Ha and likewise for V T . By construction the isotypes 
of V,T are precisely the spaces V n (E) for E 6 Ik- The isometrical maps V n (E) ® V T (F) V v induce an 
isometric Hq <8>%ff-homomorphism <fr : ®V T ^ V, v which by irreducibility must be an isomorphism. It 
only remains to install a unitary representation of the group G x H on V„ <8> V T , so at first a representation 
7r of G on V n . Fix an arbitrary vector w <E V T with ||w|| = 1. Then the map V n — >• V v ® w — ^ is an 
isometric embedding of into V v , which commutes with the %G-operation. The G- representation on V v 
then defines a unitary G- representation on , which induces the 'He-representation. We do the same with 
H and get irreduzible unitary representations ir and r of G and H such that $ is a G x iJ-isomorphism. 

□ 



References 

[1] Deitmar, Anton; Echterhoff, Siegfried: Principles of harmonic analysis. Universitext. 
Springer, New York, 2009. 

[2] Flath, D.: Decomposition of representations into tensor products. Automorphic forms, represen- 
tations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), 
Part 1, pp. 179-183, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc, Providence, R.I., 
1979. 

[3] Lang, Serge: Algebra. Revised third edition. Graduate Texts in Mathematics, 211. Springer- 
Verlag, New York, 2002 



Mathematisches Institut, Auf der Morgenstelle 10, 72076 Tubingen, Germany 
deitmar@uni-tuebingen . de 



